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We apply the statefinder diagnostic to the holographic dark energy models, including the original holographic
dark energy (HDE) model, the new holographic dark energy model, the new agegraphic dark energy (NADE)
model, and the Ricci dark energy model. In the low-redshift region the holographic dark energy models are
degenerate with each other and with the ΛCDM model in the H(z) and q(z) evolutions. In particular, the HDE
model is highly degenerate with the ΛCDM model, and in the HDE model the cases with different parameter
values are also in strong degeneracy. Since the observational data are mainly within the low-redshift region, it is
very important to break this low-redshift degeneracy in the H(z) and q(z) diagnostics by using some quantities
with higher order derivatives of the scale factor. It is shown that the statefinder diagnostic r(z) is very useful
in breaking the low-redshift degeneracies. By employing the statefinder diagnostic the holographic dark energy
models can be differentiated efficiently in the low-redshift region. The degeneracy between the holographic dark
energy models and the ΛCDM model can also be broken by this method. Especially for the HDE model, all
the previous strong degeneracies appearing in the H(z) and q(z) diagnostics are broken effectively. But for the
NADE model, the degeneracy between the cases with different parameter values cannot be broken, even though
the statefinder diagnostic is used. A direct comparison of the holographic dark energy models in the r–s plane is
also made, in which the separations between the models (including the ΛCDM model) can be directly measured
in the light of the current values {r0, s0} of the models.
1. Introduction
The observations from type Ia supernovae (SNIa) [1], large
scale structure (LSS) [2], and cosmic microwave background
(CMB) anisotropies [3] have shown convincing evidence sup-
porting the cosmic acceleration. This cosmic acceleration is
attributed to a mysterious dominant component, dark energy
(DE), with negative pressure. The combined analysis of cos-
mological observations suggests that the universe is spatially
flat, and that it consists of about 73% DE, 27% dust matter,
and negligible radiation. Nowadays physicists have already
constructed numerous models of DE, though its nature still
remains enigmatic. The simplest DE model is the ΛCDM cos-
mology, in which DE has the equation of state w = −1. How-
ever, the cosmological constant scenario has to face the so-
called “fine-tuning problem” and “coincidence problem” [4].
In light of scalar fields, some dynamical DE models have been
studied widely, in which the equation of state parameter w
is dependent on time, for example, quintessence [5], phan-
tom [6], quintom [7], tachyon [8], ghost condensate [9] mod-
els, and so on.
The cosmological constant problem is essentially an issue
of quantum gravity, because of the significance of the vacuum
expectation value of some quantum fields in the cosmology
(gravity) context. However, we have no full theory of quan-
tum gravity yet. But theorists have been making lots of efforts
to try to resolve the cosmological constant problem by various
means. In recent years, based on the holographic principle, a
series of the holographic DE models were proposed. Based
on some considerations of the holographic principle, the total
energy in a region of size L should not exceed the mass of
a black hole of the same size, thus L3ρde . LM2p [10]. The
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largest L allowed is the one saturating this inequality, thus the
dark energy density is ρde = 3c2M2pL
−2, where c is an intro-
duced numerical constant characterizing some uncertainties in
the effective quantum field theory, Mp is the reduced Planck
mass, defined by M2p = (8piG)
−1, and L is the infrared (IR)
cutoff in the theory. In the holographic DE model [11], Li pro-
posed that the IR cutoff L should be given by the future event
horizon of the universe. Hereafter, different DE models of this
holographic type have been proposed, such as the new holo-
graphic DE model [12], the new agegraphic DE model [13],
and the Ricci DE model [14], which can be uniformly called
holographic DE models for simplicity. All these holographic
DE models can be used to interpret or describe the cosmic
acceleration [15, 16].
As the amount of DE models is increasing, how to discrim-
inate DE models becomes an important problem. One may
consider the use of the Hubble parameter H = a˙/a and the de-
celeration parameter q ≡ −a¨/(aH2) to differentiate DE mod-
els, where a(t) is the scale factor of a Friedmann-Robertson-
Walker (FRW) universe. H and q containing, respectively,
first-derivative and second-derivative of a(t), are geometri-
cal variables characterizing the cosmic expansion. However,
if we want to diagnose some similar DE models or one DE
model with different values of parameters, perhaps we should
employ higher order derivatives of a(t). Sahni et al. [17] intro-
duced the statefinder diagnostic {r, s}, in which derivatives of
a(t) are up to the third order, to do this job. This distinguish-
ing method is a geometrical diagnosis in a model-independent
manner and in principle needs high-precision observational
data. Since different DE models exhibit different evolution
trajectories in the r–s plane, especially being separated dis-
tinctively with the values of {r0, s0}, the statefinder can be
used to diagnose different DE models [18–21].
In this paper, we use the statefinder parameters {r, s} to di-
agnose holographic DE models including the original holo-
graphic dark energy (HDE) model, the new holographic dark
energy (NHDE) model, the new agegraphic dark energy
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2(NADE) model, and the Ricci dark energy (RDE) model. In
Sect. 2, a series of the holographic DE models are briefly re-
viewed. Diagnosing holographic DE models with H, q, and
the statefinder is discussed in Sect. 3. In Sect. 4, the conclu-
sion is given.
2. Holographic dark energy models
2.1 The HDE model
We consider a spatially flat FRW universe containing dark
energy and matter (note that we assume a flat universe in the
whole paper), the Friedmann equation is
H2 =
1
3M2p
(ρde + ρm), (1)
where ρm and ρde are, respectively, energy densities for matter
and dark energy.
In the HDE model [11], ρde = 3c2M2pL
−2, and L is the future
event horizon given by
L = a
∞∫
a
da′
Ha′2
. (2)
By using Eqs. (1) and (2), we can obtain the equation for the
fractional density of the dark energy (Ωde ≡ ρde/3M2pH2),
Ω′de = Ωde(1 −Ωde)
(
1 +
2
c
√
Ωde
)
, (3)
where the prime denotes the derivative with respect to x =
ln a. Then from the energy conservation equation, ρ˙de+3H(1+
w)ρde = 0, the equation of state (EOS) of HDE, w ≡ pde/ρde,
can be given:
w = −1
3
− 2
3c
√
Ωde. (4)
2.2 The NHDE model
Recently, a new holographic dark energy model with the
action principle was proposed [12], in which the dark energy
density reads
ρde = M2p
(
d
a2L2
+
λ
2a4
)
, (5)
where d is a numerical parameter, and
L =
∞∫
t
dt′
a(t′)
+ L(a = ∞), L˙ = −1
a
, (6)
λ =
t∫
0
4a(t′)ddt′
L3(t′)
+ λ(a = 0), λ˙ = −4ad
L3
, (7)
where the dot denotes a derivative with respect to time t. As
proven in [12], the equations of motion force L(a = ∞) = 0,
so aL is exactly the future event horizon. The λ(a = 0) term
behaves in the same way as radiation; thus, it can be naturally
interpreted as dark radiation [22]. For convenience, we define
the “Hubble-free” quantities
L˜ ≡ H0L, λ˜ ≡ λ
H20
, E =
H
H0
. (8)
Combining Eqs. (5)–(8) with the Friedmann equation, we get
E =
√
Ωm0a−3 +
1
3
(
da−2
L˜2
+
λ˜a−4
2
)
, (9)
where Ωm0 = ρm0/ρ0 is the fractional density of matter in the
present universe (ρ0 = 3M2pH
2
0 is today’s critical density of
the universe). From Eq. (9), we get the fractional density of
the dark energy Ωde,
Ωde = − 13E2
(
da−2
L˜2
+
λ˜a−4
2
)
. (10)
Furthermore, by using Eqs. (1), (5) and the conservation equa-
tion of energy, the EOS of NHDE takes the form
w =
λ˜L˜2 − 2da2
3λ˜L˜2 + 6da2
. (11)
2.3 The NADE model
In the NADE model [13], ρde = 3n2M2pη
−2, where n is the
introduced numerical parameter, and the conformal time η is
written as
η =
a∫
0
da′
Ha′2
. (12)
By using Eqs. (1), (12), and the energy conservation equation,
we can obtain the equation of motion for Ωde and the EOS of
NHDE,
Ω′de = Ωde(1 −Ωde)
(
3 − 2
na
√
Ωde
)
, (13)
w = −1 + 2
3na
√
Ωde. (14)
2.4 The RDE model
In the RDE model [14], L in the definition of holographic
type dark energy ρde = 3c2M2pL
−2 is connected to the Ricci
scalar curvature,
R = −6( H +2H2), (15)
3where the dot denotes a derivative with respect to time t. So
the Ricci dark energy is
ρde = 3αM2p(

H +2H2), (16)
where α is a dimensionless coefficient. The Friedmann equa-
tion can be rewritten as
E2 =
H2
H20
= Ωm0e−3x + α
(
1
2
dE2
dx
+ 2E2
)
, (17)
where x = ln a. Solving the Friedmann equation we get the
result
E2 = Ωm0e−3x +
α
2 − αΩm0e
−3x + f0e−(4−
2
α )x, (18)
where f0 is an integration constant. Using the initial condition
E0 = 1, the integration constant f0 is determined as
f0 = 1 − 22 − αΩm0. (19)
In Eq. (18), the last two terms on the right-hand side is the
contribution of the dark energy ρde/ρ0. So the fractional den-
sity of the dark energy is
Ωde =
1
E2
ρde
ρ0
=
1
E2
(
α
2 − αΩm0e
−3x + f0e−(4−
2
α )x
)
. (20)
Furthermore, from the energy conservation equation, we can
obtain the EOS of RDE
w =
α−2
3α f0e
−(4− 2α )x
α
2−αΩm0e
−3x + f0e−(4−
2
α )x
. (21)
3. Statefinder diagnostic
Before the presence of the statefinder diagnostic pair {r, s},
one can discriminate different dark energy models by only em-
ploying the evolutionary behaviors of the Hubble expansion
rate E and the deceleration parameter q. Note that knowl-
edge of the expansion rate, E(z), allows one to determine Om,
which can then be used as a null test for the cosmological con-
stant [23]. So, in this work, we also consider the evolutions of
E and q of the above four holographic DE models.
Firstly, we consider the evolutions of E for the models. In
the HDE and NADE models, E(z) can be expressed as
E =
a−
3
2
√
Ωm0√
1 −Ωde
. (22)
For the NHDE and RDE models, the expressions of E(z) are
directly given by Eqs. (9) and (18), respectively. The cosmo-
logical evolutions of the dark energy models can directly be
given by the E(z) diagrams.
In Fig. 1, we plot the evolutions of the Hubble expan-
sion rate E with redshift z for the HDE, NHDE, NADE,
and RDE models, and compare these dynamical models with
the ΛCDM model. We fix Ωm0 = 0.27 for all the models.
For properly choosing the typical values of the parameters
in these models, we refer to the current observational con-
straints on the models. In HDE, the parameter c is taken
to be 0.6, 0.7, and 0.8 [24]. In NHDE, the parameter d is
taken to be 2.1, 2.2, and 2.3 [25]. Since the NADE model
is a single-parameter model, we apply the initial condition
Ωde(zini) = n2(1 + zini)−2/4 at zini = 2000 [26]; the parame-
ter n is taken to be 2.5, 2.6, and 2.7 [27]. In RDE, we choose
α = 0.35, 0.40, and 0.45 [28].
We can see from Fig. 1 that in the low-redshift region
(z . 1) the difference between the holographic model and the
ΛCDM model as well as that between different values of the
parameter in one model cannot be effectively identified for all
the cases, although the differences in the high-redshift region
are rather evident. For HDE, all the E(z) curves are nearly
degenerate, for both the low-redshift and the high-redshift re-
gions. Thus, obviously, the E(z) diagnostic is not useful in
differentiating the HDE model from the ΛCDM model as well
as in discriminating parameter values in the HDE model. For
the other three models, the situations are better, more or less,
but in the low-redshift region the E(z) curves are still nearly
degenerate, and the differences can only be diagnosed in the
high-redshift region. However, it is well known that the obser-
vational data are mainly within the low-redshift region, typi-
cally z . 1; for example, for the type Ia supernovae [29], the
majority of the redshifts is in the range of z < 1, and only
a few of them are in the higher redshift range, 1 < z < 1.4.
Therefore, the E(z) curves from the current observations can-
not provide helpful diagnostics for the DE models. In order
to see the degeneracy situation more clearly, we plot the E(z)
evolutions of the four holographic DE models and the ΛCDM
model in Fig. 2. From this figure, we can explicitly see that
the DE models are in strong degeneracy in low-redshift region
with the E(z) diagnostic. If the Extremely Large Telescopes
with high-resolution of the next generation come into use,
they would observe the high-redshift QSOs (2 < z < 5) [30].
Then perhaps the combination with the accurate high-redshift
data can effectively differentiate DE models by using the E(z)
diagnostic.
Next, let us consider the situation as regards the decelera-
tion parameter q(z). For convenience, we express the deceler-
ation parameter as
q =
1
2
+
3
2
wΩde. (23)
In Fig. 3, we plot the q(z) evolutions for the HDE, NHDE,
NADE, and RDE models, also compared with the ΛCDM
model. From this figure, we find that in some cases the degen-
eracy between the models in the E(z) case is broken in some
degree. For example, for the NHDE model the q(z) curves
separate evidently, for the case between NHDE and ΛCDM
and also for the case of NHDE with different parameter val-
ues. For the NADE model, we can see that by using the q(z)
diagnostic the NADE can be effectively differentiated from
the ΛCDM in the low-redshift region, but the case of NADE
with different parameter values is still in strong degeneracy
during the whole evolution history. For the HDE and the RDE
models, we find that the degeneracy situations are still severe,
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FIG. 1: Evolutions of the dimensionless Hubble parameter E with redshift z for the HDE, NHDE, NADE, and RDE models. The E(z) curve
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FIG. 2: Comparison of the holographic DE models in the E(z) evo-
lution diagram. The ΛCDM model is also shown for a comparison
even though the q(z) diagnostic is used. In particular, for the
HDE case, we can discriminate neither the difference between
the HDE and the ΛCDM nor the difference of the model with
different parameter values. Likewise, we also plot the q(z)
evolutions of the four holographic DE models and the ΛCDM
model in Fig. 4. It is clear to see that effectively differentiating
them with the q(z) diagnostic is fairly difficult, if not impossi-
ble.
Therefore, we will consider the statefinder parameters {r, s},
defined by [17]
r =
...
a
aH3
, (24)
and
s =
r − 1
3(q − 12 )
. (25)
For convenience, we use the following expressions, derived
before:
r = 1 +
9
2
Ωdew(1 + w) − 32Ωdew
′, s = 1 + w − w
′
3w
, (26)
where the prime denotes the derivative with respect to x =
ln a. Figure 5 shows the evolutions of the statefinder param-
eter r with z in the four holographic DE models, also com-
pared with the ΛCDM model. It is of interest to see that the
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cases are distinctively differentiated in the low-redshift region.
For the HDE and the RDE models, we see that in the low-
redshift region the r(z) curves separate distinctively. From
the above analysis we have learned that for the HDE model
the cases with different parameter values are nearly degener-
ate with both E(z) and q(z) diagnostics; the HDE model is
also degenerate with the ΛCDM model if these two diagnos-
tics are used; however, we find that these degeneracies are
effectively broken by using the statefinder diagnostic r(z). For
the NHDE model, the difference between the model and the
ΛCDM can be clearly identified at z ∼ 0, and the difference of
the model with different parameter values can be effectively
figured out within z ∼ 0.5 − 1 with the statefinder diagnostic.
For the NADE model, we find that the difference between the
model and the ΛCDM can easily be distinguished, but the dif-
ference of the model with different n values cannot be discrim-
inated even though the statefinder parameter r(z) is employed.
Figure 6 compares the four holographic DE models and the
ΛCDM model with the statefinder diagnostic r(z); the differ-
entiation of the models in the low-redshift region is directly
seen from this figure.
Furthermore, we plot the evolution trajectories r(s) of the
four holographic DE models in Fig. 7. The present values
{r0, s0} of the holographic DE models are marked by the
round dots; the ΛCDM model is a fixed point (0, 1) in this
plot, marked by a star. In the r–s plane, we can directly mea-
sure the difference of the models. The difference between the
dynamical DE model and the ΛCDM model is measured by
the separation of the round dot and the star; and the differ-
ence of the model with different parameter values can be mea-
sured by the separation of the dots. Since today’s values of
statefinder pair {r0, s0} are thought of as having been extracted
from the low-redshift observational data, this measure implies
the differentiation of DE models from the low-redshift obser-
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ΛCDM mode
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vational data. A direct comparison of the models in the r–s
plane is shown in Fig. 8. If the accurate information of {r0, s0}
can be extracted from the future high-precision observational
data, one can discriminate DE models directly from the exper-
iments with the statefinder diagnostic {r0, s0}. If, furthermore,
the precision high-redshift data can be obtained and combined
with low-redshift data, one can even reconstruct the r(s) tra-
jectory to discriminate DE models and determine the property
of DE.
4. Conclusion
There are several dynamical DE models originating from
the consideration of the holographic principle. Therefore, it is
of interest to discriminate these holographic DE models with
the observational data. However, usually, these models are
degenerate with each other in some degree, especially in the
low-redshift region. In this paper, we analyze four typical
holographic DE models, i.e., the HDE, NHDE, NADE, and
RDE models, and we apply the statefinder diagnostic to dis-
criminate them.
We have shown that in the low-redshift region the holo-
graphic DE models cannot be effectively discriminated with
both the E(z) and the q(z) diagnostics. Also, the holographic
DE models are nearly degenerate with the ΛCDM model in
the low-redshift region if the E(z) and q(z) diagnostics are
used. In particular, the HDE model is highly degenerate with
the ΛCDM model, and in the HDE model the cases with dif-
ferent parameter values are also in strong degeneracy. Since
the observational data are mainly within the low-redshift re-
gion (typically z . 1), it is rather important to break this low-
redshift degeneracy appearing in the E(z) and q(z) diagnostics
by using some quantities with higher order derivatives of the
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scale factor. We have shown that the statefinder diagnostic
r(z) is very helpful in doing this job.
We have applied the statefinder diagnostic to the holo-
graphic DE models. The analysis shows that the degeneracies
in the low-redshift region in the E(z) and q(z) diagnostics are
effectively broken by the statefinder diagnostic r(z). By em-
ploying the statefinder diagnostic the holographic DE mod-
els can be differentiated efficiently in the low-redshift region;
the degeneracy between the holographic DE models and the
ΛCDM model can also be broken by this method. Especially
for the HDE model, all the previous strong degeneracies are
broken effectively. But for the NADE model, the degeneracy
between the cases with different parameter values cannot be
broken, even though the statefinder diagnostic is used. Per-
haps the statefinder hierarchy [31] is helpful in breaking such
a degeneracy in the NADE model, and this possibility will be
explored in a future work. A direct comparison of the holo-
graphic DE models in the r–s plane is also made. The current
values {r0, s0} of the models play an important role in the
statefinder analysis, since these values are thought to be ex-
tracted from the low-redshift data and the separations between
the models (including the ΛCDM) can be directly measured in
the r–s plane. We hope that the future high-precision observa-
tions can offer more accurate data to discriminate DE models
with the statefinder diagnostic and shed light on the nature of
the dark energy.
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